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Flasma., by Ronald E. Kates and D.J. Kaup ©in preparation?,

& ThiE problem has become much more complex than first envisicned. In
particular, the longitudinal electric field i= fournd to be much
targer than first ectimated. In this limit, i1t zeems that an» charge
separation leads to an intense longitudinal electrical +field. The
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determine how to correctly formulate the expan=|on./jﬁsi ——
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Reduction Of 3 x 3 Polynomial Bundles
And New Types Of Integrable 3-Wave Interactions
by
V. S. Gerdjikov
Institute for Nuclear Research and Nuclear Fnerpy
boul. Lenin 72, 1787 Sofia, Bulgaria
and
D. J. Kaup
Clarkson University

Potsdam, New York 13676, USA

l. Our aim is to show that the group of reductions proposed by Mikhailov (A.V,
Mikhailov, 1981) can be effectively used in constructing of new versions of
integrable nonlinear evolution equations (NLEF) in 1 + 1 dimensions. Ve
illustrate this by ‘two examples, which lead to new integrable versions of the
well known 3-wave interaction (V.E. Zakharov and S.V. Manakov, 1975) and (D.J.

Kaup, 1976).

Let us consider a matrix Lax pair, first order in é% and ﬁ%‘ of the form:
d
(4 & -+ U(x,t,A)) ¢ (x,t,]) =0 (1)
d
A 45 +7(x62) ¥ (x,¢,0) =0 (2)

Following (A.V, ilikhailov, 1981) we will say, that it possesses a Z, group of

N
reductions if U and V satisfy the relations:




! ) K-, ! vix,e,0) K = vix, e, ) (3)

where K is 8 constant matrix such, that KN =] and w = exp (2ni/N). In what

follows we shall also impose the involution (or 22 - reduction):
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and the same for V(x,t,)), where B1 Bl 1 =] and € = *], We limit ourselves to
the simplest possible case, when U and V are 3 x 3 matrix - valued functions,
depending polynomially in A,

2. As first example we shall consider U and V to be quadratic on A:

2 k 2 k
Ux,t0) =2 U (6,x)A7, V(x,t,A) = I ¥V, (x,t )A (5)
k=0 ' k=0
vhere
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Uo (x,t) = Uy Yy, 0 Ul (x,t)={ 0 0 Uyq
0 o0 Uyq Ll.|31 u3, 0 (6)
Ym V12 O 0 0 v,
Vo (xoe) =| Y21 V22 O v, ey | O 0 Va3 %)
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U, = diag (a), a,, a,), -V, = diag (b, by, by) (8)

are constant diagonel matrices, whose entries are pairwise different:
2, *82 ,‘03 #al and |>1 #bz fb3 ¢ bl' Obviously, U and V defined by (5)-(8)
satisfy (3) with Ne2 and K = diag (1,1,-1). Imposing the involution (4) with Bl

= diag (1, v, o), a, y ~ real constants, leads to:

- ® *® a *
U1 % Y¥jp 0 U3; % QU3 U3y B T Upg
v = * * ® a *
215 W20 V317 W30 V3 T 5 V23 (9)
v u ® * * b * b
» v . = - -
33~ Y33 13- 'y 2y T Oy i

After some calculations we find, that the compatibility condition for (1),(2)

gives us the following expressions for viJ in terms of uij:

Viz ® M3 Yyy 0 Va3 * M3 Y23
ax *

- oK 10
12 Mo ¥y Y Y V13 Y23 (10
where

b, = b n_-n
nz'—i'—i,xu._z_-?_ﬂ

ey -y 8 - 8, an

and the following NLEE for Uy




axK 2
1 = Ny ) vy = (Mg = M) uy, Uy = T upg fug
+upy (Mg (o) - uy)) +vay = v,,]
1(3, - 3) u,, =y (Nya = Ny,) U0 Ut =xalu,.| 2,
t " M23 9% Y3 =Y (Ny3 = Myl v13 945 13 23 (12)
+uy3 [Ngg (uyy = u33) + vy5 - vy,]
axk .
1@, = nyy ) vy = o7 (43, )3 up%) + upq Uy (g, - uy))]

Y+ v

+upp gy (g = 8y)) + vy, = vy

In (10) ((12)) we have written down only the relations (NLEE's) for vij
€

(uij) with 1 < j; the corresponding ones with i > j are obtained from them by
complex conjugation and the use of (9). As regards the diagonal elements uij
and vij' they satisfy:

1(\1“.x - “jj,t) + Fjj(x,t) =0

Flui == Fy = ax(uy uyfuyg =08 05uy8); Fyy=0 (13)

We can fix up the diagonal terms ujj and vjj by choosing the gauge of the Lax

pair. There are many possibilities to do this:

v T

J A,

L ML e R




u

2 2
13 - uj|“13| + Wj|“23l

2 2 .
Vyy " “1"13|°13| + ™y n23|u23| j=12,3 (14)

Then equations (13) are direct consequence of (12), if the constants u_, v_. are

' 3
related by:
a - a
u, = =2 v,+6,, 8, =-08 =-8 —___ g .0 (15)
3T e, It Tt s Ty 0 6

; Note that only differences of \3 and \3 occurs in (12), and by a phase

transformation on u,. and v,,, one can also transform some of the constants in

1j 13

(15) to zero. For example, one may easily phase transform all three uJ's to be

equal or sall three v.'s to be equal. But because of (13), with F

J 33

general, one may never phase transform all three u.'s or all three V.'s to be

J 3

nonzero in

zZero.

Thus the first two equetions in (12) contain in addition to the usual
l bilinear in uij nonlinearities, also cubic terms. In the third equation in (12)

the wusual bilinear in uiJ term appears under an x-derivative; here we also have
cubic terms.
! Note, that both reductions on U and V commute between themselves, so the
total reduction group is 22®22.

As an example, let us choose 8y = o, 8, = -a,, bl = b2 = 0, b3 = -ca, 8 =

P c/u;u13 = E, uyy = F, upp = N, vy= -1, V) =V 4+ 1/¢c, Vy =V, - 3/(2¢), and ox

= 1, then (12) reduces to
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i (3t - ¢ ax) E = - cNF

e - cN* (16)
i (at + cax) F CN*E

2.1
13 N = - 1 3_(FAE) + FE (el - |F15 <

+n (E|2+ (71D

These equations remind one of two counterpropagating electromagnetic beams,
E and F, interacting via some density modulation, N, And these are another
example of integrable interactions between long waves and short waves (D.J.
Benny, 1977) and (Alan C. Newell, 1978).
3. Now consider U and V to be cubic in A:
ko 3 K

U (x,t,)) = 2 Uk (x,t)) s V (x,t,)) =1 vk (x,t) A (17)
k=0

k=0

and such, that, Uo. U3, VO and V3 are diagonal:

U0 = diag (ull’ uypo u33), - 03 = + diag (al, a,, a3)

Vo = diag (v, v,,, Vag)s - Vy = disg (b, b,, b,) (18)

where aj. bj are the same constants as in (8) above. The matrices Ul' U2' Vl,

V2 are given by:
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v, (x,t) = 0 0 ussl . v, (x,t) = Yy 0 0

V1 (x,t) = 0 0 voal V2 (x,t) = Vo1 0 o

With this choice U and V automatically satisfy the reduction condition (3) with

N=3 and K= diag (1, w, wz), w = exp(2Ni/3). Ve can also impose the involution

(4)
0 0 ¢
with € = -1 and Bp=j0 1 0O ' & = *1, which gives:
el 0 O_J
. - - - R =
Y2 € U5 » us} uj) U3ty
- - - A = o
U1 T § u33 ut uzy U = -y,

a*--a,

and analogous relations for vij and bJ. The compatibility condition now gives:

(19)

(20)

(21)
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Vipg = - N, u,. + K¢

2 u.. U, -« N
12 71 1 713 "21 ; Vi3 13 Y13
Vag = N u,, + ke, Ju |2 ; vo, =0, u 22
31" M3 Y3 1 gl s 21 = M2 Yy (22)
where 1] and x are expressed through aj. bj as in (11). The corresponding NLEE

have the form:

z x
103, = Ny ADuyg =€) (MNy =) |up, |+ Ky (u)y uy) + 03 ug))

+

-V

upg My (g = ugg) +v35 - vyl

1(at nlz ax)uzl Cl (nl3 023) uli “31 Kuzl (ulz u2¥ + ul3 031)

+

ugy [Nyp-(upy = uyy) + ¥y - ¥3))
103 = Nyp N upy = 1xey (U5 uP), + xep upy upf (uyy = up))
+ugy [Ny, (ug) = ugp) + 95 = vyl
2 2
i 1(3, = nyy 9)) uyy = 1 «xg Uuyy |9, + keglug | (ugy = w1

+ugy [Ny (ugy = u)y) +9)) - vy,) 23)

For the diagonal elements u,,, v,, we get
Bt R B
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If we fix the gsuge in the simplest possible way, choosing v e 0,

31" Y9
then wvhat we get i{s 8 modification of the 3-wave equations with additional cubic

nonlinearities in the first two equations in (23); the nonlinearities in the two

R

last equations of (23) just acquire additional x-derivative.

However, we can choose another gauge by requiring that the corresponding
linear problems (1), (2) become equivalent to a Riemann-Hilbert problem with

canonical normalization. This leads to:

m B

2
S ¥ S TR & M} SRS e & vy

11 a -a, a - ag (al - a3)(a1 - az) i

| St B ) S ¥ e S S W luy, 12 (25)
' 22 a, - a, a) -8, (a2 -a)(s,-ay |
B
and l
‘*
: n u u n u u i

z 12 %12 21 13 %13 Y3 2

v,, = + + 6., € u.ju, .| !
’ 11 a, - a, a, - 3, 11 &1 Y13'¥21 i
| N ® oy % ‘
| v w- t23™2%1 M2 M2%21 g ey, 2 |
22 az _ a3 al - az 22 1 "13'721 J
‘4 .
é 11 (al-az)(al - a3) . 22 (al - az)(a2 - 33) |
|
|
i
{
9 |
|




3
In deriving the last line of (26) we have used also, that I .j = 0; ugg and

3=1
3 3
VYoo defined by L u,. = I v, =0. From (27), (26) ve see, that such choice
33 gop 41T 4o '

of the gauge leads to an additional quartic and quintic nonlinearities in the

NLEE (23).
At the end we give the explicit form of the NLEE (23) in the simplest

possible case, when u = vjj = 0 and moreover "12 = n23 = ¢ = real and 013 -

33
0. Denoting

U, - E(x,t) , Uy - n(x,t) , U3 = - € E*(x,t)

U, " F(x,t) , ug; * IN(x,t) , uj, = El Fx(x,t) 27)

we get the following system for the two real n(x,t), N(x,t) and the two

complex-valued functions E(x,t) and F(x,t):

3,n = g n (EAF* + EF)

atu -8 € ax (F*F)

o F

. -g E* (F*F) -1 gNnF

3.E (28)

1€ 8 3x (n F*)

Here g = -ix is 8 resl-valued constant.

The question for possible physical applications of these equations is

open,
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